We completely classify type III factor representations of CuntzKrieger algebras associated with quasi-free states up to unitary equivalence. Furthermore, we realize these representations on concrete Hilbert spaces without using GNS construction. Free groups and their type II 1 factor representations are used in these realizations.
Introduction
Representations of operator algebras are ingredients necessary for quantum field theory [1, 9] . We have studied representations of C * -algebras. Any * -representation of any separable C * -algebra on a separable Hilbert space is canonically decomposed into direct integrals of factor representations, and a factor representation is either type I or II or III ( [3] , § III.5). For any simple Cuntz-Krieger algebra O A [5] , there exists neither type I n (1 ≤ n < ∞) nor type II 1 nondegenerate representation because O A is purely infinite ( [17] , Rørdam, Proposition 4.4.2) and a purely infinite C * -algebra has no nondegenerate lower semicontinuous trace ( [3] , Proposition V.2.2.29). Type I, especially, irreducible representations were studied in [13] . In [16] , type III's were constructed as Gel'fand-Naǐmark-Segal (=GNS) representations from quasi-free states [7, 8] and every isomorphism classes of von Neumann algebras N π generated by such representations π were completely classified. However, even if N π and N π ′ are isomorphic, π and π ′ are not equivalent in general.
In this paper, we completely classify type III factor representations of Cuntz-Krieger algebras associated with quasi-free states up to unitary equivalence. Next, we realize these representations on concrete Hilbert spaces without using GNS construction from states. Free groups and their type II 1 factor representations are used in these realizations.
Type III factor representations of Cuntz-Krieger algebras associated with quasi-free states
In this subsection, we review states and representations of Cuntz-Krieger algebras by [8, 16] according to notations and symbols in [15] . We state that a matrix A ∈ M n (C) is nondegenerate if any column and any row are not zero; A is irreducible if for any i, j ∈ {1, . . . , n}, there exists k
) denote the set of all irreducible nondegenerate n×n matrices with entries 0 or 1, which is not a permutation matrix. Define
. . , a n ) ∈ M n (R). For A ∈ M n ({0, 1}), letâA denote the product of matricesâ and A. Define the set Λ(A) of vectors by
where P F E(X) denotes the Perron-Frobenius eigenvalue of an irreducible non-negative matrix X [2, 18] . For A ∈ M n ({0, 1}) and a = (a i ) n i=1 ∈ Λ(A), let (x i ) n i=1 denote the Perron-Frobenius eigenvector ofâA such that x 1 + · · · + x n = 1 and let s 1 , . . . , s n denote the canonical generators of O A . Define the state ρ a over O A by
. . , j m ) ∈ {1, . . . , n} m and K ∈ ∪ l≥1 {1, . . . , n} l where s J = s j 1 · · · s jm . The state ρ a is called quasi-free [16] . The relation between the original style of ρ a in [16] and (1.3) is shown in Lemma 3.1 of [15] . Then the following holds. From Theorem 1.1, 0 < λ ≤ 1 is uniquely determined from a given a ∈ Λ(A) such that ̟ a is of type III λ . We write this as λ(a). Then the family {̟ a : a ∈ Λ(A)} of type III factor representations of O A are roughly classified by real numbers λ(a).
Classification
Let M * ({0, 1}) be as in (1.1) and let A ∈ M * ({0, 1}). For Λ(A) in (1.2), a ∈ Λ(A) and ̟ a in Theorem 1.1, we give the complete classification of unitary equivalence classes of {̟ a : a ∈ Λ(A)} as follows. 
Realizations
We realize ̟ a in Theorem 1.1 in this subsection. Let L 2 [0, 1] denote the Hilbert space of all complex-valued square integrable functions on the closed interval [0, 1] . At the beginning, we construct a representation of O A on
denote the Perron-Frobenius eigenvector ofâA such that x 1 + · · · + x n = 1. Define real numbers {c i } n i=0 and {b ij } n i,j=1 by
Next, let F n denote the free group with generators ξ 1 , . . . , ξ n and let U denote the left regular representation of F n on l 2 (F n ).
By using (L 2 [0, 1], η a ) and (l 2 (F n ), U ), we define a new representation of O A as follows.
(1.5) From Theorem 1.2 and Proposition 1.5, the classification of {̟ a : a ∈ Λ(A)} is equivalent to that of {η a : a ∈ Λ(A)}. The idea of the construction of η a has originated as representations of Cuntz-Krieger algebras arising from interval dynamical systems [11, 12, 14] . When A ij = 1 for all i, j, O A ∼ = O n and it is known that η a is irreducible for each a ∈ Λ(A) (Appendix A).
In § 2, we will prove Theorem 1.2 and 1.4. In § 3, we will show examples.
Proofs of main theorems
We prove main theorems in this section.
Proof of Theorem 1.2
In order to prove Theorem 1.2, we prepare two lemmata.
be Perron-Frobenius eigenvectors ofâA andbA, respectively such that x 1 + · · · + x n = 1 and y 1 + · · · + y n = 1.
Assume a = b.
(i) There exists 0 < c < 1 such that the following holds for any i = 1, . . . , n:
(ii) For m ≥ 2, define the positive real number T m by
. From the Schwarz inequality and the assumption of a, b, x, y, (ii) Let c be as in (i). From (i), T m ≤ cT m−1 when m ≥ 3. Let
From (i) and the Schwarz inequality, 
(ii) Assume that there exist i 0 , i ′ 0 ∈ {1, . . . , n} such that ρ and ρ ′ satisfy
. Then ξ|ζ = 0.
Proof. (i) Let T m be as in (2.3) and E
This holds for each m ≥ 2. From Lemma 2.1(ii), the statement holds.
(ii) Let D ij be as in (2.1). From the proof of (i), 
(ii). Hence
. This is a contradiction. Therefore ̟ a and ̟ b are not unitarily equivalent.
Proof of Theorem 1.4
Proof of Theorem 1.4. Define the state ρ over O A by ρ ≡ 1|η a (·)1 . By the definition of η a , we can verify that
By using (2.8), we can verify thatρ = ρ a . From Theorem 1.1 and the uniqueness of GNS representation up to unitary equivalence, the statement holds.
Especially, when A ij = 1 for all i, j, O A ∼ = O n and the state ρ in (2.8)
where a J ≡ a j 1 · · · a jm when J = (j 1 , . . . , j m ). On the other hand, the statẽ ρ in (2.9) satisfies
In order to constructρ from ρ, we add the Kronecker delta of (2.11) to ρ by using the left regular representation of the free group F n .
Examples
We show examples in this section.
Λ(A)
For n ≥ 2, let A = (A ij ) ∈ M n ({0, 1}). We show examples of Λ(A) in (1.2). 
for n ∈ N where {e n : n ∈ N} denotes the standard basis of l 2 (N). Since η
a is a representation of O 2 on l 2 (N × F 2 ) which is unitarily equivalent to Π a . Let {e n,g : (n, g) ∈ N × F 2 } denote the standard basis of a (s 2 )e n,g = √ be 2n−1,ξ 2 g + √ ae 2n,ξ 2 g (3.
3)
for each (n, g) ∈ N×F 2 . Especially, we can verify that ρ a = e 1,ε |Π ′ a (·)e 1,ε . For p, q ∈ N, λ > 0, assume that λ p + λ q = 1 and the greatest common divisor of p and q is 1. If a = (λ p , λ q ), then the cyclic subrepresentation of Π ′ a with the cyclic vector e 1,ε is a type III λ factor representation of O 2 which is unitarily equivalent to ̟ a from Theorem 1.1.
GP (z) denote the class of representations (H, π) with a cyclic unit vector Ω ∈ H such that π(z 1 s 1 + · · · + z n s n )Ω = Ω.
We show results of GP (z) as follows. For any z ∈ S(C n ), the class GP (z) consists of only one unitary equivalence class. Hence we can identify the class GP (z) and the representative of GP (z). For any z ∈ S(C n ), GP (z) is irreducible. For z, z ′ ∈ S(C n ), GP (z) and GP (z ′ ) are unitarily equivalent if and only if z = z ′ . For z = (z i ) n i=1 ∈ S(C n ), GP (z) is unitarily equivalent to the GNS representation by the state ρ over O n defined by ρ(s J s * J ′ ) ≡ z J z J ′ where J, J ′ ∈ k≥1 {1, . . . , n} k and z J ≡ z j 1 · · · z j k for J = (j 1 , . . . , j k ).
Especially, if z = ( √ a i ) n i=1 , then η a in (1.4) is GP (z) for a = (a i ) n i=1 ∈ Λ(A) with respect to the matrix A ij = 1 for each i, j.
